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Spin-Axis Stabilization of a Rigid
Spacecraft Using Two Reaction Wheels

Sungpil Kim* and Youdan Kim'
Seoul National University, Seoul 151-742,
Republic of Korea

Introduction

ESIGN of control laws for underactuated spacecraft is impor-
tant in practice. When one or more actuators fail, the attitude
stabilization should be performed by using control laws for under-
actuated spacecraft with the remaining actuators. The problem of
stabilization of a rigid spacecraftusing two control inputs has been
addressedby several researchers.'? Recently, a discontinuous feed-
back control law was provided for the stabilization of a spacecraft
aboutany equilibriumattitude.! In Ref. 1, it was conjecturedwithout
formal proofthatthe closed-loopsystemof a spacecraftwith the pro-
posed controllaw mightbe globally and asymptoticallystable. Tsio-
tras and Longuski presented a new methodology for constructing
feedback controllaws for the attitude stabilizationabout the symme-
try axis.> However, most previous researchers have considered the
problem of controlling a spacecraftusing less than three thrusters.
On the other hand, it is well known that with less than three
momentum wheels the system becomes uncontrollable? When the
total angular momentum vector of the spacecraft was assumed to
be zero, Krishnan et al. considered the stabilization problem of an
underactuatedrigid spacecraftusing two momentum wheels.* In this
Note, we consider the problem of spin stabilization of a spacecraft
about a specified inertial axis using two reaction wheels. We derive
a feedback control law that globally and asymptotically stabilizes
the spacecraftabouta revolute motion along a specified inertial axis.

Problem Statement
Consider the rotational dynamics of a rigid spacecraft controlled
by two reaction wheels. We assume that the body-fixed coordinates
are selected to be coincident with the spacecraft principal axes and
that the rotation axes of the reaction wheels are the spacecraft prin-
cipal axes. The dynamics of the spacecraftare given by’

(I = J)on = (I — B)w,ws + hyws — u, (1)
(I = J)ir = (I, — INwyw, — hyws — Uy )
Las = (I, — L)wiw, — hyoy + hyo, 3)
hy = —J,0, +u, )

hy = —J,an + uy 5)

where I, I, and I; are the principalmoments of inertia of the space-
craft including the moment of inertial contributions of the reaction
wheels, J, is the moment of inertia of each reaction wheel about
its spin axis, and w,, @, and w3 are the components of the angular
velocity vector along the principal axes of the body-fixed frame.
Also, h; and h, are relative angular momenta of the reaction wheels
with respect to their respective rotational axes, /; are defined as J,
Q;, where €2; is the wheel speed with respect to the spacecraft, and
u; and u, are the control torques of the reaction wheels. Without
loss of generality, we assume that /; > J,.

In Ref. 6, Tsiotras and Longuski introduced a new parameteriza-
tion defining the orientationof rotatingrigid bodies. This parameter-
ization is especially useful to the problem of the spin-axisstabiliza-
tion. According to these results, a transformation from an inertial
frame to a body-fixed frame can be achieved by first performing an
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initial rotation of magnitude z about, for example, the inertial three
axis and then performing a second rotation to coincide the interme-
diate three axis to the body three axis. The second rotation can be
characterized by w; and w,.

In this Note, we considerthe spin-axisstabilizationof a spacecraft
about a specified inertial axis using two reaction wheels. The final
configuration corresponds to a uniform revolute motion about the
inertial axis. In this case, the kinematic equations can be written as
follows (omitting z):

w; = wy(wyw; + w3) + %0)1 (1 + w12 - w%) ©)
Wy = wl(wlwz—w3)+%w2(1—w12+w§) )

Note that w; = w, =0 indeed implies the stabilization of the spin
axis, the three axis in this study, along an inertial reference.

Stabilizing Control Law

In this section, we present a feedback control law that stabilizes
the partial states, , w,, wy, and w,. Such a controllaw can be used
to stabilize a spacecraft about a revolute motion along a specified
inertial axis.

Proposition 1: Consider the control law for the system [Egs.

(1-7)1:
u, = Lhoyws + hyws + kyw, + koo, 8)
u, = —lLwws —hw; +kw, + ko, 9)

where k; and k, are constant control gains that satisfy k; > 0 and
ky > 0. This control law ensures that the trajectories of the closed-
loop system globallyand asymptoticallyconvergeto the equilibrium
point as follows:

0)1=0)2=wl=U)2=0 (10)

Proof: Consider the subsystem of the four differential equations

(1), (2), (6), and (7). Substitution of Egs. (8) and (9) into Eqgs. (1)
and (2) yields

(L = J)or = —Low; — kiw, — ko, (1D

(I = J)w, = Lwsw, — kyw, — kyw, (12)

Consider the following Lyapunov candidate function for the sub-
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The time derivative of V along the closed-loop trajectoriesis given
by
V=, = J)oio) + (I = J)wnd + [2k /(1 + w} + w})]
X (W) + wawz) = @ (—hwyws — kjwy — ko))
+wy(Lwsw, — kywy — kyw,) + ki (01w + ww;)
= —h(@? + ) <0 (14)

The Lyapunov candidate function fails to satisfy the asymp-
totic stability condition of Lyapunov’s direct method because
V =—k;(w} + w?) is only negative semidefinite. LaSalle’s theorem
can be used to establish the asymptotic stability of the subsystem.”
To this end, we will first show that all trajectoriesremain bounded.
From Egs. (13) and (14), it is obvious that w;, w,, w;, and w, are
bounded. Let us show that w3, i, and /1, do not blow up in finite
time. In terms of basis vectors {€;, é,, €3}, the total angular momen-
tum vector of the spacecraft can be expressed as follows:

H = (Iyo, + h))é; + (Lo, + hy)é; + Lwsés (15)

Because no external torque is acting on the spacecraft, the total
angular momentum vector of the spacecraftis conserved:

H|> = (Ijw; + h)? + (Lo, + hy)? + (wsy)? = const  (16)

Because w, and w, are bounded, it is obvious from the preced-
ing equation that the trajectories of A, h,, and w; are bounded.
Therefore, we can conclude that all trajectories of the variables
are bounded. Moreover, note that V is strictly negative every-
where except w; = w, =0. If w; =w, =0, then w; =w, =0, and
from Egs. (11) and (12) w; = w, =0. Therefore, the only trajec-
tory that can stay identical at points where V =0 is the trajectory
that w, = w, = w; = w, =0. Therefore, from LaSalle’s theorem the
closed-loop trajectories are asymptotically stable about the equilib-
rium pointin Eq. (10). In addition, the closed-systemis globally and
asymptotically stable because V is radially unbounded. O

Note that, if the total angular momentum of the spacecraftis not
initially zero, then the angular momenta of two reaction wheels, /1
and h,, and w3 cannot converge to zero simultaneously according to
the conservationof angularmomentum. As t — 00, w; will converge
toa constantvalue (w3, ) fromEq. (3) and from Egs. (4), (5), (8), and
(9). Then the dynamics of the angular momenta of the two reaction
wheels can be described by the following equations:

sytem: hy = hywss a17)
=1l = Iyl + L = I )0} + kil (1 4+ w? +w?) (13) hy = —hywse (18)
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By differentiating the preceding equations with respect to time, one
caneasily verify that/; and &, will oscillate periodically. Therefore,
the controlinput, u; and u,, will also oscillate from Egs. (8) and (9).

Remark: As already noted, it is well known that a rigid spacecraft
cannot be stabilized about an equilibrium point using two reaction
wheels. In this Note, we presented a feedback control law that sta-
bilizes the partial states of a spacecraft, that is, w,, w,, w;, and
w,. This is the most one can expect in this case. If the total angu-
lar momentum of a spacecraftis initially nonzero, then there is no
feedback control law that can make (w,, w,, w3, wy, w,) — 0. If the
spacecraftis detumbled, then the angular momentum vectors of the
two reaction wheels should constitute the total angular momentum
vector. In this case, the spin axis should be always perpendicularto
the total angular momentum vector. Therefore, we cannot detumble
as well as stabilize the spin axis of the spacecraftabout an arbitrary
inertial axis using two reaction wheels.

Numerical Examples

Consider a spacecraft with the following moment of inertia (kilo-
gram square meter):

(h, I, ) = (7,10,9)
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The initial configuration of the spacecraftis assumed as follows:
(w1, w7, w3) =(0.3,0.2,0.4), (wr, wy) = (2.0,1.0) (19)

where w; is in radians per second. We also assume that the two reac-
tion wheels have an identical moment of inertia, J, = 0.0077 kg - m?
and that the initial angular momenta of the wheels are zero. The con-
trol gains are selected as

k, =3, ky =3

Simulation results are shown in Figs. 1-3. Figure 1 shows that w,
and w, converge to zero and that w; converges to a constant value.
The orientation of the spin axis is shown in Fig. 2. The spin axis
has been successfully reoriented to a specified inertial axis. From
Figs. 1 and 2, we canconcludethat the spacecrafthas been stabilized
about a revolute motion along an inertial axis. The histories of the
control inputs are shown in Fig. 3. As noted earlier, we can see that
once the spacecraft was stabilized, the control commands oscillate
periodically to conserve the total angular momentum.

Conclusions

It is well known that a rigid spacecraft cannot be stabilized about
an equilibrium point using two reaction wheels. In this Note, we
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presented a feedback control law that globally and asymptotically
stabilizes a spacecraft about a revolute motion along a specified
inertial axis. After the spacecraftis stabilized, the command inputs
of the feedback control law oscillate periodically to conserve the
system angular momentum. In general there is no feedback control
law that can detumble and reorient the spacecraft simultaneously.
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Uniform Damping of Plates Using
a Modified Nodal Control Method

Jun-Kyung Song* and Gregory Washington'
The Ohio State University, Columbus, Ohio 43210-1107

I. Introduction

HE ultimate goal of many vibration control schemes is to

dampen all of the active modes participating in the system
response. In addition, one may want to preserve the uncontrolled
mode shapes and frequencies. The main advantagein doing this lies
in the energy savings that accompanies modal preservation. Finally,
one may want an analytically sound method for actuator and sensor
placement. Toward this end, the natural control theory provides a
means for damping a structure, whereas preserving the modes and
the node control theory provides a means for actuator and sensor
placement.!~* Weaver and Silverberg applied this combination to
actively damp a beam.* The strategy states that one can control the
lowest N modes participatingin a response by placing discrete sen-
sor/actuator pairs at the nodes of the (N + 1) mode.* In doing this
there is a natural decoupling that leads to a controlled system with
the following properties: 1) frequency and modal invariance and
2) uniform damping.* Washington and Silverberg’ added bias or
steady-statecalibration to this work, and Rosetti and Sun® extended
the work to rings. Although the node control theory has been used
extensively in beams and rings, a general proof of the theory was
not discussed until recently* Now that there is a mathematical
basis for this theorem, its application to plates, shells, and general
problems can now be investigated. The work in this Note applies the
theory to rectangular plates. There are a myriad of uses associated
with uniform damping nodal control (UDNC) as it applies to air-
craft structures because the boundary condition of dominant local
vibration of the aircraft can be modeled as combination of fixed and
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simply supported (SS) boundary conditions. Two important contri-
butions are actuator placement for active noise cancellation in air-
craft cabin enclosures and actuator placement for vibration control
of next generation flexible aircraft structures.

Initsapplicationto plates, the work in this study postulatesthat the
lowest M and N modes of vibrationare controlledby M x N pairsof
discrete actuators/sensors located at the intersections of the nodal
lines of the (M + 1) x (N 4+ 1) mode. The overall benefits of the
method are as follows: 1) discrete sensors and actuators are used in-
stead of distributed modal sensors and actuators.’~!'! 2) The method
is resistant to control spillover*> because the actuator/sensor pairs
are locatedat the nodes of the next highestmode, which diagonalizes
the control matrices. 3) Control moves are not calculated in modal
domain but in the physical domain. 4) All modes are designed to be
damped at the same rate thereby conserving energy. 5) The closed-
loop frequencies are equivalent to open-loop frequencies. 6) The
original mode shapes of the system are preserved. This work be-
gins with the application of UDNC to SS plates. The methodology
is then applied to the clamped-simply supported-clamped-simply
supported (C-SS-C-SS) case. The Ritz method is then used to han-
dle cases where an analytical solution does not exist. The paper then
concludes with discussion.

II. Uniform Damping Control Method
A. Uniform Damping Control of Plates with Distributed
Actuators/Sensors
The control term f(x, y, z) is presented in the right-hand side of

the following governing equation for rectangular plates:
dPw(x, y, t
"%H)V“w(x,y,rbf(x,y,r) (1)

In Eq. (1) the displacement field and excitation terms can be written
by the eigenfunction superposition method!? as the following:

WE Y ) = D Wi Y (1) @)
FEY =YY W (6, 3) fonn (1) 3)
Fun(0) = f f W (x, ) £ (6, v, 1) du dy @)

where the subscripts m and n representthe mth mode in the x direc-
tion and nth mode in the y direction. The control force is expressed
as

Sy, 1) =gwx,y, )+ hw(x,y,1) 5)

where g and & are the uniform damping coefficients.!?> The g and
h coefficients are proportional to the measured displacement and
velocity, respectively. Uniform damping control for each individ-
ual mode can be obtained by employing the principles of uniform
damping® into Eq. (4):

Fun(t) = f f Wng Y D Waanl(t) dx dy
+ f f Wonh D Wiy (1) dx dy 6)

Substituting Egs. (2-4) into Eq. (1), utilizing Eq. (6), and applying
the two-dimensional orthonormalityrelationshipsyields the follow-
ing equation:

ﬁlﬂll (t) + )‘-mn nmn (t) = gnmn (t) + h );}lllll (t) (7)

Ifdistributedsensorsand actuatorsare used, the resulting gain matrix
of the preceding equation can be shown to be diagonal. Here M and
N are the largest number of modes considered to participate in
the system in the x and y directions, respectively. When discrete
actuators and sensors are used; however, the control gain matrices



